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Ultrasound-matter interactions underpin numerous biomedical and soft-matter
applications, yet simulating these phenomena is challenging due to the large
separation of viscous and sonic time scales. Continuum methods capture large-scale
wave propagation but cannot resolve microscale interactions, while particle-based
approaches offer molecular resolution but struggle with efficiency and stability at
larger scales. We introduce a particle-based virtual ultrasound machine that uses a
smoothed dissipative particle dynamics variant with an implicit pressure solver and
a negative-pressure stabilization scheme, required to mimic acoustic propagation
across medically relevant MHz-GHz frequencies. We demonstrate its capabilities
by modeling the acoustophoresis of encapsulated microbubbles, a key mechanism in
ultrasound-mediated drug delivery. Beyond this application, the approach establishes
a generalizable platform for simulating wave—matter interactions in soft and biological
materials, opening promising directions for computational studies of acoustics-driven
phenomena in science and engineering.

ultrasound | compressibility | smoothed dissipative particle dynamics | acoustophoresis
particle-based simulations

In modern medicine, ultrasound (US) has become an indispensable modality, used both
for imaging and therapeutic purposes. For imaging applications, its most advantageous
features are the absence of ionizing radiation and relatively low purchase and maintenance
costs (1). It is applied extensively in soft-tissue imaging—from fetal monitoring to
echocardiography (1)—and in therapeutic settings, where focused US enables tumor
ablation and low-intensity US promotes tissue healing (2).

The frequency ranges of medical US vary with application. Therapeutic US generally
uses lower frequencies (typically 0.5 to 3 MHz) (3). Diagnostic US typically operates
between 2 MHz and 40 MHz (4), with lower frequencies (1 to 5 MHz) providing greater
penetration depth (e.g. abdominal or cardiac scans), and higher frequencies (20 to 40
MHpz) offering better spatial resolution for superficial structures (e.g. skin or small animal
imaging) (1, 4). For instance, at 15 to 20 MHz, the imaging depth is about 3 to 4 cm,
whereas at 50 MHz it decreases to 9 mm (1, 5). Acoustic excitations in the 100 MHz—
GHz range are largely limited to research applications. GHz US can probe subcellular and
molecular-scale motions; for example, GHz acoustic pulses have been shown to stimulate
neuronal ion channels (6). Moreover, protein vibrational modes often lie in the GHz~
THz range, with some low-frequency modes strongly correlated with large-amplitude
conformational changes triggered by ligand binding (7-9).

For diagnostic imaging, contrast agents must exhibit resonance within the diagnostic
frequency range. Among the most widely used agents are encapsulated microbubbles
(EMBs)—gas-filled spheres encapsulated by lipid or protein shells, typically a few
micrometers in diameter (10, 11). When exposed to US, EMBs undergo oscillations
that produce strong, distinctive acoustic signals, enabling clear contrast between blood
flow and surrounding tissues (5, 11, 12). Beyond imaging, EMBs can serve as vehicles
for targeted drug delivery: Under sufficiently high acoustic pressures, their shells rupture
through cavitation, inducing localized mechanical stress that temporarily increases cell
membrane permeability—a process known as sonoporation (10). This phenomenon
facilitates site-specific delivery of therapeutic agents, reducing systemic dosage and
minimizing side effects. Furthermore, EMBs can be functionalized with ligands that bind
to disease-specific biomarkers, allowing them to accumulate selectively at pathological
sites such as tumor vasculature (10).

Conducting experimental studies in this domain is far from trivial. The parameters
of EMBs are typically constrained to those achievable in laboratory conditions, and
generating US itself requires specialized equipment. Therapeutic US systems generally
operate at a single frequency or a limited set of discrete frequencies and deliver average
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intensities up to 3 W/cm? (13). While intensity can be adjusted
either discretely or continuously, the range of accessible intensi-
ties in practice remains narrow. Consequently, exploring a broad
parameter space experimentally is challenging. To overcome these
limitations, numerical simulations are frequently employed as a
preliminary platform for investigation, effectively serving as a
virtual laboratory before physical experiments are performed.

Designing a virtual US machine requires a fluid model
that accurately captures both the viscosity and the acoustic
properties of water at micrometer scale. This is difficult in
practice because, as the system size increases, viscous and acoustic
timescales become increasingly separated, rendering the problem
multiscale (Section 2.1). Traditionally, such scenarios have been
tackled using hybrid frameworks—such as PROTEUS (14)—
that employ distinct solvers for sound propagation and fluid
dynamics, coupling them through interactions with immersed
structures. Common approaches for acoustic wave modeling
include k-Wave (15), Field II (16), and SIMUS (17-19), while
fluid flow is typically handled using continuum, mesh-based
methods such as the lattice-Boltzmann method (LBM) and var-
ious computational fluid dynamics (CFD) techniques. In some
cases, numerical methods are coupled with analytical solutions to
reduce computational demands (20). While hybrid approaches
are useful for certain special use-cases, their implementation
is highly complex, system-dependent, and employs numerous
simplifications.

On the other hand, particle-based fluid descriptions offer
a compelling alternative to mesh-based methods, especially
for biophysical simulations. Most notably, they are inherently
compatible with particle-based models of immersed structures,
since both are Lagrangian in nature. In contrast, coupling
Lagrangian particle-based structures with Eulerian mesh-based
fluids often necessitates complex interpolation schemes, such as
Peskin’s Immersed Boundary Method (21), which can compro-
mise both model accuracy and simplicity. Furthermore, mesh-
based methods generally struggle to resolve fine structural details
unless the grid spacing is significantly smaller than the features

of interest or adaptive meshing is employed. Particle-based
methods also often provide a straightforward implementation
of multiphase systems and thermal fluctuations, which are
more challenging to implement in mesh-based formulations.
Finally, dense suspensions are typically represented with higher
fidelity in particle-based simulations, further underscoring their
suitability for complex biophysical environments. Interestingly,
particle-based US simulations and experimental approaches
exhibit fundamentally opposing challenges. In experimental
settings, achieving lower frequencies in the MHz range is
relatively straightforward, whereas generating THz frequencies
poses significant problems. In contrast, particle-based simulations
readily reach THz frequencies but encounter difficulties at
MHz frequencies, where numerical freezing artifacts typically
arise (22).

In this paper, we design a particle-based virtual US machine
capable of simulating US propagation at the micrometer scale
(MHz frequencies), thereby enabling more versatile in silico
experimentation. We achieve this by developing a method termed
usSDPD that is based on smoothed dissipative particle dynamics
(SDPD). usSDPD is a particle-based method that can faithfully
capture both the viscosity and the speed of sound of water at
micrometer scales, while also minimizing elastic artifacts that
typically appear under highly negative pressures. This method
makes it possible to study synthetic and biological systems
previously inaccessible to particle-based approaches (Fig. 1).
It enables the modeling of dense suspensions of immersed
structures and their interactions without introducing excessive
technical complexity. The virtual US machine presented here
is envisioned as a core component of a general virtual US
framework. This framework will integrate the virtual US machine
with detailed models of immersed structures, such as EMBs and
gas vesicles (26), enabling comprehensive simulations of US inter-
actions with complex biological and synthetic systems. Together,
these elements will provide a versatile platform for exploring
US-based imaging, therapy, and mechanistic studies entirely
in silico.

particle-based EE

mesh-based l

Fig. 1. Overview of spatiotemporal scales, simulation methods, and systems, studied with US. Top: commonly used methods for US simulations and the length-
and frequency-scales they typically describe. Boundaries between methods are approximate, as the applicable range depends on computational resources,
geometry, and optimizations. Representative systems are shown below the frequencies: molecular dynamics (MD) for all-atom simulations of water, dissipative
particle dynamics (DPD) for THz excitations in proteins, and hybrid frameworks for large-scale biological tissue simulations (such as capillary flow) and EMB
dynamics. Our method, usSDPD, fits on the medically relevant scale of EMBs. This figure shows the ranges, where the viscosity and compressibility match those
of water. For example, the DPD method might be used also at larger scales, but either the compressibility and viscosity of water would not be correct, or a liquid
with lower compressibility and/or higher viscosity would be used. Bottom: schematic representations of structures that can be coupled with usSDPD, including
(from Left to Right) hydrogel microspheres, biofilms (23), red blood cell microrobots with magnetic nanoparticles (24), scattering EMBs, tubular microrobots

(25), red blood cells, interacting oscillating EMBs, tumor spheroids, and others.
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1. Results and Discussion

We present a particle-based fluid simulation method, termed
usSDPD, that enables accurate modeling of US wave propagation
in weakly compressible fluids such as water. On this basis, we
construct a virtual US machine to simulate a sample immersed in
water and positioned between two opposing US transducers. The
virtual US machine is applied to simulate EMB acoustophoresis,
demonstrating its ability to capture US-driven particle dynamics
and illustrating its potential as a versatile tool for investigating a
broad range of US-mediated phenomena.

1.1. Fluid Simulation. We assess the usSDPD method by charac-
terizing its stability, viscosity, and pressure behavior at granular-
ities of 0.01 pm, 0.1 um, and 1 pm, where granularity denotes
the fluid particle diameter. Appropriate timescales for each
granularity are provided in SI Appendix, section A, along with
detailed analyses and parameter tables SI Appendix, sections B
and C. Our results indicate that a granularity of 1pum and
higher is not sufficiently accurate for our intended application.
At 0.1 pm granularity, our method exhibits a substantial gain
in numerical stability compared to SDPD, enabling a 40-fold
increase in the maximum stable timestep, while inducing only a
minor rise in viscosity. In contrast, simulations at 0.01 pm do not
exhibit comparable improvements in timestep length, and further
refinement to even smaller granularities is not advantageous, as
DPD-based methods are inherently more suitable at nanoscopic
scales. Consequently, usSDPD is best applied at granularities
of 0.01 um and 0.1 um, with the greatest benefits observed at
0.1 pm granularity.

Next, we demonstrate that although the SDPD formulation
exhibits significant deficiencies when applied to the virtual US
machine, the proposed usSDPD approach remains robust. To
assess its performance, we simulate a fluid block enclosed by
periodic boundary conditions (PBCs) in all directions, where
the simulation cell volume is periodically oscillated to generate
bulk pressure oscillations. These volumetric oscillations induce
corresponding variations in pressure and density, enabling direct
assessment of the method’s response to large-amplitude acoustic
forcing. As shown in Fig. 2, the SDPD formulation becomes
unstable at negative pressures, whereas the usSDPD method
remains stable over a broad range spanning both positive and
negative pressures throughout the entire oscillatory cycle. This
indicates that the usSDPD method can successfully sustain strong
periodic compressions and rarefactions without breakdown.

1.2. Virtual Ultrasound Machine. A particle-based virtual US
machine consists of two key components: a particle-based fluid
simulation method capable of reproducing fluid compressibility
at the target length scale, and a mechanism for imposing
pressure oscillations at the boundaries of the simulation domain,
representing a simplified model of a US transducer. For the fluid
dynamics at mesoscopic granularities (0.01 um, 0.1 um) and low-
compressibility fluids such as water (MHz to GHz frequencies),
we employ the previously introduced usSDPD method. At
nanoscopic length scales (THz frequencies), however, DPD has
been shown to be more appropriate; this is discussed in detail
in ST Appendix, section B, and such virtual US machines may
therefore employ DPD as a fluid simulation method. The virtual
US machine considered here is realized by placing two transducers
on opposing sides of the simulation box, which confines both
the fluid and the immersed structure in one direction, while
enforcing PBCs at the remaining two spatial directions. The
transducers are modeled using the open boundary molecular
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Fig. 2. Response of (A) standard (vanilla) SDPD and (B) usSDPD fluids to
bulk volume oscillation. Both simulations are done at 0.1um granularity
with both speed of sound and viscosity matched to those of water. usSDPD
shows more stable behavior than vanilla SDPD at negative pressures. The
pressure amplitude is large compared to the density amplitude, which is
characteristic of water with low compressibility. In vanilla SDPD simulations,
10 times smaller timestep is used for stability.

dynamics (OBMD) method (Section 2.4) for simulating an open
system of particles (27) (Fig. 3). In addition to generating pressure
oscillations, OBMD enables the application of controlled shear
stresses, a capability not available in conventional US transducers
and particularly useful for investigating shear-driven flows.

1.3. Acoustophoresis Simulation. Our virtual US machine is
designed to simulate US—fluid—structure interactions in weakly
compressible fluids, such as water from nanometer to micrometer
granularities. As a representative application, we study the
dynamics of an EMB in a standing US field, where its motion is
driven by acoustic radiation forces. These forces originate from
the mismatch in compressibility and density between the EMB
and the surrounding fluid and give rise to acoustophoresis, i.e.,
migration of the EMB within the acoustic field (28). In a standing
wave, acoustic radiation forces drive the migration of immersed
structures toward either pressure nodes or pressure antinodes,
the latter typical for EMBs and the former typical for immersed
beads. Acoustophoresis enables precise acoustic manipulation
and is widely used in microfluidics for particle sorting, purifi-
cation (29), concentration (30), washing (31), enrichment (32),
and confinement trapping (33). It is also the driving mechanism
behind acoustic tweezers (34). Analytical models (28, 35-37) and
numerical simulations (38, 39), including finite element methods
(40), have long been employed to study these forces.

The model of the experimental system includes the external
fluid, the EMB membrane, and the internal fluid within the
EMB, see Fig. 4. For the external fluid we employ the usSDPD

method, which allows pressure waves of large amplitude to

buffer region of interest buffer

Fig. 3. Schematic of a virtual US machine. The machine consists of two US
sources positioned at the left and right boundaries of the open simulation
box (buffers), as well as the region of interest, where the immersed structure
is located. By imposing oscillations of the same frequency in the left and right
buffers, a standing wave field is generated in the region of interest (dark and
light regions correspond to low and high density, respectively).
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Fig. 4. Interactions in the acoustophoresis simulation system. Red circles
represent external fluid particles, yellow circles represent membrane parti-
cles, and blue circles represent internal fluid particles. The arrows denote
interactions between particle types.

be simulated without introducing excessive spurious elasticity,
Section 1.1. The membrane is described using an isotropic
elastic model (26, 41), which places membrane particles in the
vertices of the triangulated EMB surface, and calculates forces
by taking derivatives of the total elastic energy with respect
to vertex positions. Because the membrane thickness is well
below the fluid resolution scale, membrane-scale stress transfer is
not explicitly resolved but treated through effective interactions
between the fluid and the membrane. For the range of ultrasound
pressure amplitudes and frequencies considered in this work, this
approximation is sufficient to capture the microbubble dynamics.
At higher pressure amplitudes, where the shell undergoes larger
deformations, increased spatial resolution may be necessary to
accurately resolve the fluid—structure interactions. For a detailed
list of parameters, see SI Appendix, section C. Most notably,
in our setup, the EMB is modeled as neutrally buoyant to
allow for a larger timestep. However, its internal fluid remains
significantly more compressible than water. Because of this high
compressibility, we adopt the standard DPD method rather
than SDPD for modeling the internal fluid. This reduces both
the computational overhead and the number of parameters in
the simulation. Moreover, it highlights the modularity of the
particle-based framework, wherein distinct fluid models can be
seamlessly coupled. In contrast, integrating a particle-based EMB
model with a mesh-based fluid solver would require the use of
interpolation techniques, such as Peskin’s Immersed Boundary
Method (21), to mediate interactions across the particle—mesh
interface. Such approaches introduce additional algorithmic
complexity and may compromise numerical accuracy. The final
component of the model involves specifying the interactions
between different types of particles. We assume an impermeable
EMB membrane. For interactions between the external fluid
and the membrane, we use the Akinci boundary condition
(42), commonly employed in smoothed particle hydrodynam-
ics (SPH) for incompressible and weakly compressible fluids.
This boundary condition has the important property that the
boundary force is invariant with respect to the sampling density
(resolution) of the boundary, which is crucial for an oscillating
EMB whose sampling density changes dynamically. It should also
be noted that Monaghan’s artificial pressure lowers the pressure
only for nonboundary fluid particles; Akinci boundary particles
still experience the full pressure force. Because ordinary DPD
differs fundamentally from SDPD, the same boundary condition
cannot be applied to interactions between the internal fluid and
membrane particles. In this case, we employ a simple Lennard-
Jones (LJ) interaction (Fig. 4).

Finally, we apply this modeling framework to simulate
acoustophoresis in a standing wave for an open system of length
2.4 pm (Fig. 5). The standing wave is generated by enforcing
in-phase harmonic oscillations in the buffer regions. Simulations
are performed at five uniformly spaced viscosities ranging from
7 =10x10"%Paston = 8.9x10~% Pas. Inall cases, the EMB
tends toward the pressure antinode; however, the characteristic
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migration time is shorter at lower viscosities. According to the
theoretical model presented in ref. 43, the time required for a
compressible particle to traverse a given distance scales linearly
with viscosity—a trend we also observe in the simulation (Fig. 5).
In these simulations, fewer than four iterations of the implicit-
compressible pressure solver are typically required, indicating
rapid pressure convergence. In general, the number of required
iterations increases with increasing positive or negative pressures,
but empirically we find it to remain below ten for all practical
cases. Total system momentum is conserved in the simulation,
which means that the external fluid acquires a net velocity as the
EMB moves toward the pressure antinode. In order to suppress
the global drift and focus on the relative motion of the EMB with
respect to the standing-wave field, we enforce zero net momen-
tum of the external fluid by subtracting its COM velocity at each
timestep. This procedure constrains the bulk fluid to remain at
rest, modeling a laboratory-frame description in which the recoil
of the fluid is effectively suppressed by a much larger reservoir.
Because the standing-wave field establishes on timescales much
shorter than those associated with fluid drift, the acoustic forces
are expected to be unaffected by the drift correction.

To demonstrate the scalability of our method, we perform a
larger simulation at a frequency of 39 MHz, which falls within the
medical US regime (4), see Fig. 6. In this case, the simulation cell
length is increased to 10 pm, the width to 1.2 um, and the EMB
diameter to 0.6 pm. The pressure amplitude is gradually ramped
up to its final value over the first 0.15 ps. We observe that the
EMB consistently settles at the pressure antinode. To investigate
the dynamics, we compare EMB trajectories under five different
pressure amplitudes. The COM motion of the EMB transitions
from an oscillatory pattern at short times (when EMB velocity
is high) toward a constant value at longer times (when EMB
velocity is low), see Insets in Fig. 6C. This behavior is consistent
with the Bjerknes-force-based interpretation of EMB dynamics
(44): away from pressure antinodes, the instantaneous pressure
gradient oscillates, producing an effective oscillating buoyancy
that drives COM displacement. At the pressure antinode, the
instantaneous gradient vanishes, eliminating buoyancy and thus
halting COM motion. According to ref. 43, the time required
for a compressible particle to traverse a given distance scales as
Ap~2, where Ap is the pressure amplitude. This scaling agrees
with our simulations (Fig. 6E).

2. Methods

An integral component of our virtual US machine is a particle-based fluid
simulation method. Such a method must satisfy several key requirements:
It should remain numerically stable over short and long simulation times,
be thermodynamically consistent, and accurately reproduce the fundamental
hydrodynamic properties of the target fluid, in particular its viscosity and
speed of sound, which are essential for the correct description of acoustic
wave propagation. The method should also be coarse-grained (CG) to avoid the
high costs of an all-atom simulation. CG particle-based fluid simulation methods
represent multiple fluid molecules with a single CG particle, where the number
of molecules per particle-known as the mapping number, Np—characterizes
the level of coarse-graining. Methods such as Martini, DPD, and many-
body DPD (MDPD) are commonly used for mesoscale fluid simulations (45).
However, as the mapping number increases, these approaches face significant
challenges, including numerical freezing and instabilities. Specifically, in DPD
water, crystallization occurs once the mapping numberapproaches 20—provided
that correct physical viscosity and compressibility are enforced simultaneously
(22, 46). This freezing is linked to the Kirkwood-Alder transition (47), observed
as mapping number and speed of sound increase. The root cause is entropy
loss: Coarse-graining removes internal degrees of freedom, shifting free-energy
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Fig. 5. Acoustophoresis simulation in a 2.4um x 0.63um x 0.63um cell. The US frequency is 178.4MHz and the EMB diameter is 0.24 pm. (A) Snapshot
at the beginning and (B) the end of the simulation (the simulation system is sliced in half along the page plane to increase visibility). Buffer regions are
shown in red and the yellow dashed line schematically represents the standing wave field. (C) Trajectories of the EMB center-of-mass (COM) for viscosities
n=10x10"%Pas to 8.9 x 10~4Pa s at pressure amplitude Ap = 9bar. (D) EMB COM velocities for the smallest and largest viscosity. (F) Time for the EMB to

reach x = 1.4um as a function of simulated viscosity '.

minima so that the system may exhibit a premature phase transition to a frozen
state even at conditions where the original atomistic system is liquid (48, 49).

Anotherwell-known modelfor CG particle-based simulations is Martini 3(50),
which typically represents four water molecules with a single particle. Martini 3
water consists of particles that interact via pairwise LJ interactions, tuned to
reproduce the properties of water. This model is also plagued by freezing
artifacts (45), which necessitate the use of so-called “antifreeze particles” (51).
Atthe nanoscale, alternative methods such as DPD and MDPD have been shown
to better reproduce the properties of water required for US simulations (45).

MDPD allows higher CG levels while maintaining the correct compressibility.
However, stability requirements force a reduction of the timestep, which negates
most of the computational advantages at CG levels beyond Ny = 103 (in our
simulations, we achieve Ny = 10%) (22, 52). Thus, achieving sufficiently high
CG levels for US simulations requires a different approach.

Yet another particle-based method commonly used in fluid mechanics
simulations is smoothed particle hydrodynamics (SPH)(53). This method differs
substantially from DPD-based methods in that it is derived as a discretization
of the Navier-Stokes equations (a top-down approach), unlike the DPD
method, which is neither a top-down or bottom-up method (54). Continuum
hydrodynamics has been shown to persist down to surprisingly small scales,
enabling the application of continuum theory even atthe mesoscale (55). Atsuch
scales, however, molecular discreteness becomes significant, as particles exhibit
thermal motion that is negligible in macroscopic systems. SPH does not account
forthermal fluctuations, which restrictsitsapplicability to macroscopicand upper-
mesoscale systems. To address this limitation, SPH has been modified to include

PNAS 2026 Vol. 123 No.29 e2610567123

thermalfluctuations consistentwith thefirstand second laws of thermodynamics,
introducing the method known as smoothed dissipative particle dynamics
(SDPD) (56). This approach later became widely adopted for particle-based
simulations at the mesoscopic scale. In its original form, however, SDPD is not
suitable for simulations of US propagation at the mesoscopic scale due to the
"tensile instability" artifact, which causes the fluid to fracture prematurely under
tensile stress. In the following sections, we introduce the extended version of
SDPD, coined usSDPD, designed to address the tensile instability artifact in the
simulations of US propagation in weakly compressible fluids.

The simulations are performed using LAMMPS (57). While SDPD is already
implemented in LAMMPS, we extended it by adding an implicit compressible
pressure solver and packaged it into the package ICSDPD. Additional
modifications to overcome tensile instability can be optionally enabled or
disabled in the code.

2.1. Smoothed Dissipative Particle Dynamics (SDPD). SDPD is a particle-
based method for simulating hydrodynamics, combining elements of SPH and
DPD (56, 58). The main advantage of SDPD over SPH is that it incorporates
thermal fluctuations in a manner consistent with the first and second laws of
thermodynamics. Compared to DPD, SDPD offers several additional benefits. It
allowsageneral equation of state (EOS) to be specified asinput, ratherthan being
limited to the fixed quadratic EOS used in DPD. Moreover, physical parameters
such as viscosity and speed of sound can be specified directly, rather than being
inferred empirically from non-physical DPD parameters. Finally, mapping the
system to a physical scale is straightforward, in contrast to DPD.

https://doi.org/10.1073/pnas.2610567123
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Fig. 6. Acoustophoresis simulations in a 10um x 1.2pm x 1.2um cell. The US frequency is 38.6 MHz and the EMB diameter is 0.6 pm. (A) snapshot of the
acoustophoresis simulation at the beginning and (B) the end of the simulation (the simulation system is sliced in half along the page plane to increase visibility).
Buffer regions are shown in red and the green dashed line denotes the pressure antinode. (C) Trajectories of the EMB COM with input viscosity s = 1.0 x 104
Pa s. Each colored curve corresponds to a different pressure amplitude listed in the legend. /nsets show a zoomed-in part of the trajectory with the highest
pressure amplitude at two different times. (D) EMB COM velocity, corresponding to the position plot in (C). (E) Time required for an EMB to reach the position

x = 5.5um as a function of the inverse square of the pressure amplitude.

For an isothermal fluid, the governing equations read:

a_,
da !

dp; /A
W = — ijv,] . w,.je,j
]

dv 5 mim: W
i 9N iy Ij( PN )
"t 3 ; pipj Tjj i LU
pi P A
-y mmi | 5+ = Wi
j i P
mimj dWI R

20 ,
i Xl: e oy 0 dt
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where 1;, v, m;, p;, and p; denote the position, velocity, mass, density, and
pressure of the i-th particle, respectively. &; = r;;/r;; is the unit vector along
Nj = — 1, Vj = V; — vj, and W/{j is the magnitude of the kemel function
gradient, such that V;Wj; = wlfjé,-j, with Wj; = W(r; — ;). In all simulations,

we use the cubic spline kernel and neglect the bulk viscosity. dW; is the
symmetric part of a 3 x 3 matrix of independent Wiener process increments.
The independent Wiener process increments can be simulated as ¢ (At)'/2,
where ¢ is an independent Gaussian random number and At is the timestep.
Further details are provided in refs. 56 and 59.

SDPD and SPH are structurally closely related, differing primarily in that
SDPD incorporates thermal fluctuations. Consequently, numerical strategies
developed for SPH can be readily extended to SDPD. With this in mind, we
employ the standard (leapfrog) SPH integrator for all SDPD implementations in
this paper. The procedure is available in the SPH package of LAMMPS and is
summarized in Algorithm 1. In addition, we compute particle densities using
the commonly adopted summation form of the continuity equation,
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as this formulation simplifies the implementation of boundary conditions (see
code for details).

Algorithm 1 Smoothed particle hydrodynamics time integration scheme

1: procedure PREFORCE COMPUTATIONS
2 for all particles i do
. sy TAY2Z e At
3: compute half-step velocity: v; =V, + 71
4 compute predicted velocity: T4 = v! + Alft
1
5: compute position: 74" =l 4 Atvf+At/2
6: procedure FORCE COMPUTATION
7: for all particles i do
8: compute new forces fi 4!
9: procedure POST-FORCE COMPUTATIONS
10: forall particles i do
. . aoo AL EHEAY2 AL g AL
1 compute full-step velocity: v; ™™ = v; + 2 i

In SDPD, scaling length and time by 10 reduces dimensionless temperature
by 1,000 and dimensionless viscosity by 10, with speed of sound unchanged
(SI Appendix, section A). An important consequence is that, at larger scales, the
gap between the dimensionless speed of sound and the dimensionless viscosity
widens, ultimately limiting the ability to simulate water at very high coarse-
graining levels. This limitation is illustrated in S/ Appendix, section B and has
also been mentioned in ref. 45. Anumerical value that quantifies the discrepancy
between viscous and sonic time scales is the so-called compressibility factor (the
ratio of the time for sound to travel one particle radius a to the time for viscous
diffusion over the same distance) (60)

= 327/6 = L [3]

at/v ac

Moreover, the reduction of dimensionless temperature by a factor of 1,000 with
each 10-fold increase in scale implies that thermal fluctuations rapidly become
negligible compared to other forces when transitioning from the nanometer
to the micrometer scale. For most simulations above the micrometer scale,
thermal fluctuations should therefore be disabled. In the absence of thermal
fluctuations, SDPD reduces to the well-known SPH method, commonly employed
for macroscopic particle-based hydrodynamic simulations.

2.2. Implicit-Compressible Pressure Solver. There are some crucial differ-
ences in how DPD, SPH, and SDPD handle pressure computation. In DPD, the
local pressure is not stored as a particle attribute but can be evaluated from
particle positions, velocities, and forces using the Iving-Kirkwood formulation
(61). In contrast, SPH and SDPD treat density and pressure as particle attributes.
The particle density is computed through kemel interpolation, Eq. 2, and is
used to compute the pressure through an explicit EOS. For weakly compressible
fluids, a common choice of EOS is

pi = Pocz <ﬁ — 1) , (4]
PO

where pq is the prescribed input density, ¢ is the speed of sound, and p; is
the density of the i-th fluid particle. In weakly compressible fluids, the speed of
sound greatly exceeds typical advective velocities, causing such explicit pressure
computation to impose severe timestep constraints. To alleviate this limitation,
we evaluate pressure forces using an implicit scheme, while dissipative and
random forces are still treated explicitly (62-66). This hybrid approach permits
timesteps up to 40 times larger than those of the original SDPD method (S/
Appendix, section B).

An implicit pressure solver for compressible flows was originally developed
within the SPH framework for snow simulations (66) and later incorporated into
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the open-source SPH solver SPlisHSPlasH (67). Given the structural similarity
between SPH and SDPD, this pressure solver can be readily adapted to the SDPD
framework. To derive the implicit compressible pressure solver, we begin from
the continuity and Navier-Stokes equations,

Dp

ot T

Dv

— — _Vp 4 panon-pressure,
P Dt p+p

where a"O"PreSSUTE inclydes all non-pressure forces acting on the fluid. After
discretizing the equations, doing some simplifications and assuming a linear
EOS, we get (62-64, 66)

_ szpf“rAf + At2v2pf+Af — pg _ p*, [5]
where c is the speed of sound, p* = pl — Atp!V - v* and v* = vl +
Ata"onPressure Here st and vl are the density and velocity at timestep t,
and a"OMPESSUTE denotes the contribution to the fluid particle acceleration
from dissipative and random forces. V; = m;/p; is the volume of the i-th
particle. The summations in the algorithm are performed over fluid particles
(indexed by j), boundary particles (indexed by b), or both (indexed by k).
The implicit compressible pressure solver employs the relaxed Jacobi iteration
to solve Eq. 5 iteratively; iteration step is denoted with the superscript (£).
Algorithm 2 provides a slightly modified version of the procedure described
in ref. 66. In the algorithm, w = 1.5, and @ = 0.5. A graphical overview
of the timestepping procedure is shown in Fig. 7. The implicit compressible
pressure solver iterates until the density error falls below 0.1 %, i.e. when

%Zi po— P} — (Ap)[(e)> < 0.001pg, where N is the total number of

fluid particles.

2.3. Providing Stability at Negative Pressures (usSDPD). In SPH, SDPD,
and related particle-based methods, pressure forces originate from the pressure
termin the equations of motion. Around zero pressure, these forces are minimal,
but their magnitude increases with both positive and negative pressures.
In an equilibrium fluid, large pressure forces acting on individual particles
largely cancel, resulting in a relatively small net force. However, any inherent
instabilities in the method become strongly pronounced at high positive or
negative pressures. The extent of compression orexpansion atwhich instabilities
inhibit simulations depends on the rate at which pressure changes with density,
i.e., the speed of sound. This explains why the same methods perform better
in fluids with higher compressibility (lower speed of sound) than in those with
lower compressibility (higher speed of sound). One such instability is tensile
instability, which manifests as premature fluid fracture under negative pressures.
This instability poses a significant challenge for simulating US propagation, as
acoustic waves involve alternating regions of high and low pressure; in the low-
pressure regions, tensile instability can emerge and disrupt the simulation. We
observe that many existing remedies for tensile instability make the fluid slightly
viscoplastic (introduce some spurious elasticity) at highly positive/negative
pressures (68-71). While such modifications may be acceptable for certain
systems, they are unsuitable for studies of acoustic radiation forces, as in the
present work. These artifacts become particularly pronounced at larger scales—
where thermal fluctuations are negligible-and in low Mach number flows,
where convective time scales are much slower than acoustic time scales. In some
cases, these spurious elastic forces can even lead to freezing phenomena at high
positive or negative pressures.

It can be shown, following Swegle (72), that tensile instability arises when
W"T > 0, where W is the second derivative of the kemel with respect to
its argument, and T is the tensile stress (positive for tension and negative for
compression). From this condition, it follows that a region stable under tension
is unstable under compression, and vice versa. The condition is illustrated
in Fig. 8.

To mitigate instabilities at high negative pressures, we introduce two
additional modifications. First, we reduce the fluid particle diameter from
0.5h to 0.3h, where h is the kernel cutoff. As a result, the typical number
of neighbors increases from approximately 60 to about 250, slightly raising
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Algorithm 2 Solver steps of the implicit compressible pressure solver.

1: procedure PREPARE

b k

2: forall particles i do
3: compute v = vl + Ata; oo
4 compute V - v = Zk(vk — V)V VW
5: compute pi = p, Atp,V v/
6: compute a; = —¢2 = AP Y VVIVWIZ = AC | D VYW 4y Y Ve VW | Y VeV
; ,
7. procedure SOLVE
8: while not converged do
9 forall particles ido
¢ ¢
10: compute Vp, Z/( © 4 p,( ))VjVW,j + t//p,-( ) > VI
1 for all particles i do
12: compute Vz ZJ(ij (Z))VVWU
13: compute (Ap)i(e) =—C p,»( )+ Atzvzplm
e+ ¢
14: compute p{ ™ = pl) 1 @ (po — (#p)\" ))

In the SOLVE procedure, index t + At is removed for clarity.

the computational cost. More importantly, some neighbor particles are then
forced into the pair-instability regime, where particles form fully overlapping
pairs with their neighbors (72). To avoid this issue, an additional LJ potential is
introduced with a small, empirically determined well depth of e = 1 x 10~21J
and ¢ = 0.23 h, which is smaller than the particle diameter of 0.3 h. This
potential has a minimum at rj; &~ 0.26 h. The purpose of this repulsion is to
prevent pair instability when particles are unphysically close, while leaving the
system unaffected when particles are reasonably separated. This means that
at sustained positive pressures, fluid particles tend to cluster at some slightly
smaller interparticle distance, determined by the LJ potential, however, the
effect is weak and reversible, when pressures are lower. The idea of adding a LJ
potential to the SPH method was first proposed by Monaghan (73), but was not
implemented in that work. Although this approach is effective in our case, many
potential improvements to the simple repulsive LJ potential remain possible. As
demonstrated in S/Appendix, section B, the L potential introduces an additional
viscosity contribution, which constrains the achievable coarse-graining level in
our simulations. Improving the repulsive potential is left for future work.

The second modification incorporates Monaghan's "artificial pressure” to
further improve stability at negative pressures (73). The main idea of artificial
pressure is to reduce the magnitude of interparticle pressure forces under
negative pressure, thereby shifting the onset of tensile instability toward lower
pressures. To implement artificial pressure, we add an additional term Rf/? to

Eq. 1, as follows

p/ by Pi Pj n
vl ad Rk (6]

P,‘ Pj P,‘ }

where f,j = W(r,-j)/W(rave) and raye is the average spacing between fluid
particles (set to 0.3 h in all simulations with artificial pressure). The factor R is
computed using the procedure in [3], and n is set to 4. We note that under
negative pressures, expression [6] simplifies to

Pi Pj

=+ +Rf = —+——f” =+ (7]
o2 p/ g p/2 o2 pf
_ o | Pi, P
,(1_51‘”) S5 t+t3 (8
i pj

https://doi.org/10.1073/pnas.2610567123

which clearly illustrates the artificial reduction of pressure forces between fluid
particles in the negative-pressure regime.

We further verify that usSDPD remains stable across a wide pressure range by
examining the EQS, which islinear in our case (Eq. 4). By definition, the pressure
iszerowhen p = pg. The speed of sound is obtained from the slope of the p(p)
curve using the standard relation c2 = dp/a p, making EOS plotsa direct means
of verifying the speed of sound (compressibility) in the simulation. As shown in
Fig. 9, both methods reproduce the expected linear EOS at densities above the
reference density (positive pressures), and no upper stability limitwas reached in
our simulations. At densities below the reference density (negative pressures),
however, the method without artificial pressure progressively deviates from
the linear relation, whereas the usSDPD formulation with artificial pressure
remains linear down to approximately -500 bar, substantially extending the
stable negative-pressure regime. At very high tensions, we note that a small
amount of spurious elasticity remains, but its magnitude is sufficiently low to be
acceptable for our purposes.

2.4. Open Boundary Molecular Dynamics (0BMD). 0BMD is a simulation
framework designed to model nonequilibrium systems by enabling the
controlled exchange of mass, momentum, and energy across the boundaries
of a finite simulation domain (27). We use OBMD to model the transducers
in the virtual US machine. The framework partitions the system into a central
region of interest (ROI) and adjacent buffer zones, where particles are inserted

Algorithm 3 Computation of Artificial Pressure

1: procedure COMPUTEARTIFICIALPRESSURE

22 R = max (—f—';f,o)
i

3: R; = max (—e—';’,O)
P

4 if pj > Oand p; > 0 then
5: R =001 (”—g + ”—4)

Pi Pj
6: else
7 R=R+ R]

eissetto 0.3 in all simulations that use artificial pressure.
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Fig. 7. Graphical representation of the timestepping procedure of the
SDPD method with the implicit compressible pressure solver. For details,
see Algorithms 1 and 2. First, the densities and positions of the particles
are updated, and the velocities at the next timestep are estimated. These
quantities are then used to update the forces. The so-called non-pressure
forces (viscous and random contributions) are computed locally from particle
properties. Subsequently, a global iteration procedure is carried out to
compute the pressure for every particle, which is then used to determine
the pressure force. Finally, the sum of the non-pressure and pressure forces
is used to update the particle velocities and advance the timestep.

or removed. The particle number in each buffer is regulated by a feedback
mechanism that ensures convergence toward a target density, while particle
insertion is performed using energy-minimizing algorithms such as USHER (74).
Boundary conditions are imposed by applying external forces to buffer particles,
derived from a local momentum balance that accounts for both interparticle
interactions and the momentum flux associated with particle exchange. This
approach allows for the imposition of stress or velocity boundary conditions.

In order to correctly model the constant chemical potential of the system,
the change in energy must be calculated when a particle is inserted at some
position in the buffer. In simpler pairwise fluid methods, the energy increment
is obtained by summing the additional pairwise contributions to the total energy
for every neighbor of the inserted particle. In multibody, nonlocal methods such
as the one used in this work, the exact calculation of the energy increment is
more difficult, as the nonlocal effect of adding a particle on the pressure must
be considered. Therefore, we employ a crude approximation, which is sufficient
for the simple cases presented in this paper. To obtain the approximate energy
increment, the density of the inserted particle is computed from the positions
of its neighbors. The pressure of the inserted particle is then determined from
its density using a simple Cole equation of state, instead of solving the pressure

iteratively:
N7
Pi:B|:</%> —1] 9]

where B = poc?/y, po is the equilibrium density,  is the speed of sound,
and y = 7. The Cole equation is a standard choice for simulating water with
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SDPD, however, we could have as well chosen the linear EQS, since we use it
in the implicit compressible pressure solver and the Cole EOS is approximately
linear at the range of pressures we are working with. The approximate energy
increment is then calculated as

1 i pj
AE ~ p;V; — 7 Zm,»mj % + *12 vjj - V/W’/’ [10]
j i P

where V; = mj/p;. The first term on the right-hand side corresponds to the
pressure work associated with creating a particle of volume V; at pressure p;,
while the second term accounts for the energy increments from the SPH energy
equation (equation 3.17 in ref. 53).

3. Conclusion

In this work, we developed a virtual US machine capable of
simulating US—fluid—structure interaction between a weakly
compressible fluid and immersed structures at mesoscopic (mi-
crometer) scales, corresponding to medically relevant MHz-GHz
frequency range. We achieved this by modifying the SDPD
method to accurately reproduce acoustic wave propagation with
realistic speed of sound and viscosity. By introducing an implicit
compressible pressure solver, we extended the timestep by 40
times compared to explicit schemes—a significant improvement
for weakly compressible fluids such as water. We also improved
the EOS curves (eliminated tensile instability) by reducing the
fluid particle diameter, introducing artificial pressure, and adding
additional L] interaction. This improved the stability of the US
simulation at negative pressures, which is an essential part of
any virtual US machine. Because the fluid simulation framework
presented here is particle-based, it can be directly coupled with
particle-based descriptions of immersed structures. As a proof of
concept, we coupled the method with an elastic EMB filled with
DPD particles and subjected it to US excitation. The coupled
simulation successfully reproduced the expected migration of the
EMB to the pressure antinode.

T > 0 (tension)

& stable unstable —>
: T <0 (compression)
—> unstable stable &
h r

1/3 h

Fig. 8. Stable and unstable regimes of the SPH-based methods. First
derivative of a cubic spline kernel (blue) along with regions of pair and tensile
instabilities (red). The derivative of the cubic spline kernel has a minimum
at r = 1/3h. Two particles are also shown to scale (orange) to illustrate that
at zero background pressure, immediate neighbors are in the pair instability
regime if @ = 0.3h. For the conventional choice of @ = 0.5h, immediate
neighbors are in the tensile instability regime.
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Fig. 9. Pressure-density relationship (EOS) for usSDPD with and without ar-
tificial pressure. Both simulations use a linear EOS. Without artificial pressure,
the simulated EOS matches the input only at positive pressures; at negative
pressures, a divergence caused by tensile instability becomes evident. In
contrast, the method with artificial pressure accurately reproduces a linear
EOS even under highly negative pressures. Simulations are performed on a
0.1 pm granularity with viscosity n = 8.9 x 1074 Pa s and speed of sound
¢s = 1,481 m/s at T = 300 K. Both pressure and density are measured using
the nonbiased approach introduced in ref. 54. The Inset shows the speed of
sound, obtained from the slope of the linear region of the EOS curve.

Some interesting research questions have been left for future
investigation. For simplicity, the bulk viscosity of the surrounding
fluid was set to zero, even though it strongly influences US
attenuation. Consequently, the attenuation predicted by our
simulations is not expected to match experimental observations.
Since bulk viscosity is already included in the general SDPD
framework, extending usSDPD to account for it is straightfor-
ward. Furthermore, the role of alternative interparticle repulsive
interactions beyond the L] potential remains unexplored; a
more carefully designed repulsion may reduce viscosity artifacts
while still preventing pair instability. Another direction for
future work is the detailed investigation of fluid~membrane
interactions, which were not addressed in this study. The method
can, in principle, be extended to non-Newtonian fluids, such
as blood, following approaches previously developed for SPH
(75). In such formulations, viscosity is treated as a particle
actribute that is dynamically updated from the local shear
rate estimated using neighboring particles. Finally, realistic
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experimental conditions often involve traveling waves and ar-
bitrary US pulse sequences rather than standing waves. This is
particularly important for applications such as investigating the
response of MB suspensions under pulsed US excitation, where
short, high-intensity pulses are commonly used to minimize sam-
ple heating (76). Achieving this in simulation, however, requires
the implementation of nonreflective boundary conditions (NR-
BCs) to prevent spurious wave reflections from the simulation
boundaries. Several promising approaches for NRBCs have been
proposed in related hydrodynamics and SPH contexts, including
methods based on the method of characteristics (77), fluid-
property extrapolation (78), and particle-property freezing (79).
Although heating effects were not included in our isothermal
formulation, the extension to a thermal US machine is feasible,
since thermal effects are already incorporated in the most general
SDPD method (56). The usSDPD method also presents certain
limitations. At positive pressures, the method gradually develops
pair instability, leading to particle clustering at the interaction
range of the L] potential. While negligible under oscillatory US
conditions, this effect becomes relevant under sustained positive
pressures. We speculate that adaptive kernels (53) could resolve
this issue, which we leave for future work. At highly negative
pressures, the method also exhibits some spurious elasticity.

In conclusion, the advances presented in this work establish a
foundation for particle-based simulations of US propagation in
mesoscopic systems. By combining improved numerical stability
and natural coupling with particle-based structures, the virtual
US machine provides a versatile framework for investigating US—
fluid-structure interactions, with promising applications ranging
from studies of wave propagation to studies of various mesoscale
systems, such as gas vesicles, EMBs, red blood cells, micro-
robots, cells, and other biologically or technologically relevant
structures.
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